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Abstract
We present scattering of stringy states of closed bosonic string compactified on torus T d . We focus 
our attention on scattering of moduli and gauge bosons. These states appear when massless excitations 
such as graviton and antisymmetric tensor field of the uncompactified theory are dimensionally reduced to 
lower dimension. The toroidally compactified theory is endowed with the T -duality symmetry, O(d, d). 
Therefore, it is expected that the amplitude for scattering of such states will be T -duality invariant. The 
formalism of Kawai–Lewellen–Tye is adopted and appropriately tailored to construct the vertex operators 
of moduli and gauge bosons. It is shown, in our approach, that N -point amplitude is T -duality invariant. 
We present illustrative examples for the four point amplitude to explicitly demonstrate the economy of 
our formalism when three spatial dimensions are compactified on T 3. It is also shown that if we construct 
an amplitude with a set of ‘initial’ backgrounds, the T -duality operation transforms it to an amplitude 
associated with another set backgrounds. We propose a modified version of KLT approach to construct 
vertex operators for nonabelian massless gauge bosons which appear in certain compactification schemes.
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The perturbatively consistent bosonic and superstring theories live in critical dimensions 26
and 10 respectively. The five superstring theories: type IIA, type IIB, type I with SO(32) gauge 
group, heterotic string with gauge group SO(32) and heterotic string with gauge group E8 ⊗E8
offer the prospect of unifying the fundamental forces [1–3]. The heterotic string [4,5] is the most 
promising candidate in the endeavors of unification programme and has accomplished several 
notable successes. The ingenious construction of heterotic string exploits an important attribute 
of closed string theory that the left moving and right moving sectors are independent so far as 
the evolution of the free string is concerned. Therefore, the left moving sector is a closed bosonic 
string with critical dimension 26 whereas the right moving sector is a 10-dimensional superstring. 
Of the 26 bosonic coordinates 16 are compactified on a torus, T 16, and the quantized momenta 
along the compact directions are required to satisfy certain constraints. Consequently, the the-
ory defined in 10-dimensional spacetime manifests N = 1 supergravity and supersymmetric 
Yang–Mills multiplets in its massless sector. The emerging gauge group, in the compactifica-
tion scheme, is either SO(32) or E8 ⊗ E8 depending on the boundary conditions chosen for the 
compact coordinates. The underlying gauge groups are elegantly unraveled once the compact 
bosonic coordinates are feminized and suitable boundary conditions are assigned to the resulting 
Weyl Majorana fermions. In order to establish connections with unified theories in four space-
time dimensions, the heterotic string theory (and for that matter other superstring theories) is to 
be reduced to four dimensional theories. This is achieved by compactifying six spacial dimen-
sions. One of the universal features of the compactifications in string theory is the discovery of 
rich strove of symmetries. One encounters new gauge symmetries as well as global symmetries. 
The toroidal compactification has attracted considerable attention over decades. One of the most 
interesting results in this programme is the proposal of Narain [6] where he demonstrated the ex-
istence of rich symmetry structure in toroidal compactification of heterotic string and its salient 
features were further explored by Naranain, Sarmadi and Witten [7]. One of the central features 
in toroidal compactification is the existence of noncompact target space duality symmetry (the 
T-duality). One of the simplest examples is to consider toroidal compactification of a closed 
bosonic string on a d-dimensional torus, T d . Let us consider the effective action associated with 
the massless states, graviton, antisymmetric tensor and dilaton of the uncompactified theory. The 
effective action is dimensionally reduced following the Scherk–Schwarz procedure where the 
background fields are assumed to be independent of the compact coordinates. In the context of 
the string effective action, the reduced action is expressed in a manifestly O(d, d) invariant form 
and the generalization to heterotic string effective action in also incorporated appropriately [9].
The existence of the T-duality symmetry and the invariance of the reduced effective action 
under T-duality has important implications (for reviews see [10–17]). For example, if a set of 
background correspond to a string vacuum, it is possible to generate a new set of backgrounds, 
satisfying the equations motion, by judiciously implementing duality transformations. In general 
the new set could correspond to an inequivalent string vacuum. Indeed, this prescription has been 
very useful to generate new backgrounds from a given set in string cosmology [18], in stringy 
black hole physics [19] and so on.
The scattering matrix – S-matrix – plays a very important role in string theory. S-matrix can 
be computed perturbatively within the first quantized frame work of string theory. We asso-
ciate a vertex operator with each state of the string theory. The vertex operator is constrained 
by imposing the requirements of conformal invariance. Therefore, it is of interests to investi-
gate consequences of T-duality in scattering of stringy states in a compactified string theory. 
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compactified strings since the string can wind around compact coordinates due to its one di-
mensional nature. Interactions of strings, taking into effects of winding modes have interesting 
consequences; however, we consider the scenario where the states propagate in the noncompact 
spacetime dimensions.
I have proposed [20] a prescription to construct duality invariant scattering amplitudes for 
the massless states (moduli and gauge bosons) of compactified bosonic string. These massless 
states appear from the dimensional reduction of the massless sectors such as graviton and anti-
symmetric tensor field. The vertex operators are necessary to describe the scattering of stringy 
states. The duality transformation, O(d, d) generates a new set of backgrounds and their corre-
sponding vertex operators. We evaluate the amplitude for the new backgrounds. I demonstrated 
how the two amplitudes, computed from the two sets of vertex operators, (which are related by 
duality transformation) are connected to each other. This result is analogous to the application of 
T -duality symmetry in the context where starting from a given initial background configuration 
one generates a new set of them. However, in the process of evaluating scattering amplitudes it 
has to be kept in mind that vertex operators are constructed in the weak field approximation. In 
contrast, when the T -duality transformation is implemented to generate new backgrounds, we 
use the M-matrix. The initial set of backgrounds is the one which satisfy equations of motion 
(i.e. β-function equation). On the other hand, when we construct the vertex operators associated 
with these backgrounds, we invoke the weak field approximation. The background is expanded 
around trivial one, for example the vertex operator for the graviton/moduli is constructed in lin-
earized approximation to metric and corresponding equations result from requirement that it be 
(1, 1) with respect to free stress energy momentum tensor. Therefore, in my earlier formulation, 
it is not a straight forward implementation of T -duality as is the scenario adopted for duality 
transformation exploiting the solution generating technique.
Recently Hohm, Sen and Zwiebach (HSZ) have revisited the duality symmetry of heterotic 
string effective action [21]. They analyze which duality symmetries are realized in the effective 
field theory when the nonabelian gauge field sector is kept without truncating it to the Car-
tan (Abelian) sector. In this context these authors make some important observations about the 
attributes of the tree level S-matrix of the moduli in order to draw conclusions about some cru-
cial features of S-matrix. Furthermore, based on their arguments, they discuss properties of the 
effective action. They focus their attention on the case when the background fields are indepen-
dent of the compact coordinates. This is also one essential ingredients of the our assumption in 
the present investigation and the same assumption was invoked in [20]. Furthermore, HSZ jus-
tify the reasons for focusing their consideration to the massless sector in order to achieve their 
goals. Therefore, the excitations of heterotic string, relevant for their purpose, are the moduli and 
gauge bosons. Furthermore, they provide arguments to substantiate the T -duality invariance of 
the S-matrix.
We mention, en passant, that our principal goal is to study T -duality invariance of S-matrix. 
As alluded to earlier, the intent is to construct vertex operators which will lead us to compute 
amplitudes of these massless states for compactified bosonic string, in contrast to those of the 
compactified heterotic string. We cast the amplitude, appealing to the newly proposed vertex op-
erators, in a T -duality invariant form. Our explicit calculations are more efficient and economical 
than earlier techniques of mine [20] and it lends supports to the arguments of HSZ that S-matrix 
is T -duality invariant.
In this article we evaluate the tree level amplitudes to bring out essential features of duality 
symmetry in the present context and study how T-duality acts on S-matrix elements. The string 
660 J. Maharana / Nuclear Physics B 896 (2015) 657–681perturbation theoretic corrections are not expected to affect duality transformation properties of 
S-matrix.
The rest of the article is organized as follows. In Section 2, we recapitulate essential features 
of compactified closed bosonic string from the worldsheet perspective. We introduce the vertex 
operators associated with different levels of compactified string. Next we recall how the vertex 
operators could be cast in O(d, d) invariant form. The vertex operators are defined in the weak 
field approximation in the sense that all correlation functions are evaluated using the free field 
OPE in the computation of S-matrix elements. In the next section, Section 3, we resort to the 
prescription of Kawai, Lewellen and Tye [22] for computation of S-matrix elements. We argue 
that duality transformation properties of the vertex operators become rather transparent in KLT 
formulation. Moreover, this technique is also very useful when we want to study duality proper-
ties of excited massive states. We construct N -point amplitude of moduli. These massless scalar 
appear when the metric and antisymmetric tensor field, massless states of the closed string, are 
compactified to lower dimensions. The massless Abelian gauge bosons also appear as a conse-
quence of toroidal compactification. We also provide expressions for N -point amplitude of gauge 
bosons. Our principal goal is to construct T -duality invariant amplitudes. To this end, we resort 
to the proposal of Sen [23]. In this section explicit duality invariant amplitude is constructed. 
Moreover, we present illustrative examples of four point functions where a given amplitude is 
shown to get related to another amplitude through duality transformation. We propose a prescrip-
tion to construct N -point amplitude for nonabelian gauge bosons and nonabelian massive string 
excitations in the spirit of KLT formalism. There have been some very interesting developments 
in study of the scattering amplitudes since the work of KLT which related closed string and open 
string amplitudes. In particular, the graviton scattering amplitude is expressed in the factorized 
product of gauge boson amplitude which is massless excitation of an open string. There are a 
lot of activities in relating nonabelian gauge boson and graviton scattering amplitudes in recent 
years. We briefly discuss this aspect in a short subsection of Section 3. We point out some of 
the obstacles in applying our formulation of T-duality transformations on scattering amplitudes 
associated with compactified superstrings. We discuss our results and present conclusions in 
Section 4.
2. Duality symmetry of closed string and the S-matrix
Let us consider the closed string worldsheet effective action in the presence of constant metric 
and antisymmetric tensor field
S = −1
2
∫
dσdτ
(
∂aX
μˆ∂aXνˆGˆ
(0)
μˆνˆ
+ ab∂aXˆμˆ∂bXˆνˆ Bˆ(0)μˆνˆ
)
(1)
Here τ, σ are the worldsheet coordinates, and μˆ, νˆ = 0, 1, 2, . . . , Dˆ − 1 and Dˆ is the number 
of spacetime dimensions. We have already adopted orthonormal gauge for the worldsheet met-
ric. We have omitted α′ from the definition of action (1). The canonical Hamiltonian density is 
[25,26]
H = ZTM0Z (2)
where
Z =
(
Pˆμˆ
ˆ ′ μˆ
)
, M0 =
(
Gˆ−1 −Gˆ−1Bˆ
BˆGˆ−1 Gˆ− BˆGˆ−1Bˆ
)
(3)X
J. Maharana / Nuclear Physics B 896 (2015) 657–681 661where Pˆμˆ is canonical conjugate momenta of Xˆμˆ and prime stands for σ derivative. Note that 
M0 is a symmetric 2Dˆ × 2Dˆ matrix. The Hamiltonian is invariant under a global O(Dˆ, Dˆ)
symmetry transformation
Z → 	0M0	T0 , 	T0 ηˆ	0 = ηˆ (4)
where 	0 ∈ O(Dˆ, Dˆ) and ηˆ is the O(Dˆ, Dˆ) metric, with zero diagonal elements and off diagonal 
elements being Dˆ × Dˆ unit matrices. If we consider evolution of string in the background of 
its massless excitations such as Gˆ and Bˆ , they are allowed to have Xˆμˆ(X(z, ¯z)) dependence 
and the resulting action is that of a sigma model. In toroidal compactification prescription the 
Xˆμˆ is decomposed into two sets of coordinates Xˆμˆ = {Xμ, Yα}, μ = 0, 1, . . . ,D − 1, and α =
D, D + 1, . . . , Dˆ − 1 so that Dˆ = D + d ; {Yα} are the compactified coordinates. Furthermore, 
the backgrounds depend only on Xμ. We shall summarize a few aspects which will be useful 
later. The general prescription of Scherk and Schwarz [8] is the essential ingredient of such 
compactifications. It is useful to adopt the vielbein formalism
eˆAˆ
Mˆ
(Xˆ) =
(
erμ(X) A
(1)β
μ (X)E
a
β(X)
0 Eaα(X)
)
(5)
The spacetime metric is gμν = erμeνr where the local indices r, s are raised and lowered by flat 
Minkowski metric. Note the appearance of Abelian gauge fields A(1)αμ , α = 1, 2, . . . , d associ-
ated with the d isometries and Eaα are vielbein of the internal metric i.e. Gαβ = EaαEbβδab and 
it transforms as a scalar under D-dimensional Lorentz transformations. Similarly, the antisym-
metric tensor will be decomposed into components: Bˆμν , Bˆμα , Bˆαβ . There are gauge fields Bˆμα
and scalars Bˆαβ in lower dimensions. We refer the interested reader to our paper [9] for details 
and the prescriptions for dimensional reduction in the context of string theory. It is worth not-
ing that under the T-duality transformation the spacetime tensors remain invariant. If we were to 
dimensionally reduce the Dˆ dimensional effective action then all backgrounds depend only on 
D-dimensional spacetime coordinates xμ. Moreover, the M-matrix defined bellow, is expressed 
in terms of the moduli G and B
M =
(
G−1 −G−1B
BG−1 G−BG−1B
)
(6)
where G = Gαβ , B = Bαβ and now Bαβ stands for Bˆαβ . The O(d, d) metric η with off diagonal 
d × d unit matrix, 1 remain invariant. Under the O(d, d) transformations M → 	M	T , 	 ∈
O(d, d). M is symmetric and M ∈ O(D, d). The gauge fields, A(1)αμ and A(2)μα = Bˆμα +BαβA(1)βμ
transform as a vector under O(d, d) transformations i.e. Aiμ = 	ijAjμ, i, j = 1, 2, . . . ,2d . We 
define Aiμ = A(1)αμ , i = 1, 2, . . . , d and Aiμ = A(2)μα , i = d + 1, . . . ,2d ; note α takes d-values. We 
shall need this transformation property of the gauge field in sequel.
The vertex operators, V (k; X(z, ¯z)), in closed string theory are required two satisfy two con-
straints:
(L0 − 1)V = 0, (L˜0 − 1)V = 0, and (L0 − L˜0)V = 0 (7)
The last constraint is the level matching condition. Before proceeding, let us look at the well 
known graviton vertex operator
Vg(, k,X) = μν¯ : eik.X(z,z¯)∂Xμ(z)∂¯Xν¯(z¯) : (8)
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transverse μν¯kμ = μν¯kν¯ = 0. The graviton coupling gμν¯∂Xμ∂¯Xν¯ is given by (8) in the plane 
wave approximation where gμν is expanded around flat background metric. The vertex operators 
of background fields in the framework of nonlinear σ -model was proposed by Dijkgraaf, Verlinde 
and Verlinde [24]. We can adopt the same prescription for the vertex operators associated with 
the moduli Gαβ¯ and Bαβ¯ . The corresponding vertex operators are
VG = Gαβ¯ : eik.X(z,z¯)∂Y α(z)∂¯Y β¯(z¯) : (9)
Here G
αβ¯
, symmetric under α ↔ β¯ , is analog of polarization tensor carrying indices along in-
ternal direction. Moreover, the scalar propagates only in spacetime manifold and therefore, the 
vertex operator has no dependence on Yα and its (quantized) canonical momenta Pα . Thus it im-
plies that we are not taking into account the presence of winding modes. A similar vertex operator 
VB can be constructed for the other moduli, B, in weak field approximation. Our aim is to study 
T-duality invariance properties of the S-matrix for states of compactified closed bosonic string. 
Although transformation properties of M-matrix under T-duality are easy to implement (see the 
remarks after (6)), the transformation properties of the moduli G and B are rather complicated 
[9]. In fact G + B transform as quotients under O(d, d). I have proposed [20] a prescription to 
evaluate amplitudes in terms of M-matrix elements in the weak field approximation. This pro-
posal can be implemented in the massless sector; in other words we can compute amplitudes 
involving the moduli and generate new amplitudes through T-duality transformations. The pro-
cedure consists of following steps. Let us start with the vertex operator (9) and examine how 
T-duality operation works in my scheme.
(i) Just as we expand backgrounds Gαβ¯ and Bαβ¯ around trivial background, I propose such 
an expansion for the M-matrix: M = 1 + M˜ in weak field expansion. Since M is expressed 
in terms of G and B , M˜ will be expressed in terms of the linearized expansion of those back-
grounds. Therefore, M˜ is constructed in terms of G
αβ¯
and B
αβ¯
. However, unlike M which is an 
element of O(d, d), M˜ is not an O(d, d) matrix. Consequently, we cannot implement T-duality 
transformation directly on M˜ .
(ii) Thus my starting point was to identify the vertex operators associated with the moduli. 
I utilized G and B to construct M˜ and then the matrix M = 1 + M˜ .
(iii) Now we can implement the O(d, d) transformation on the constructed M-matrix, i.e. 
M → M ′ = 	M	T where 	 ∈ O(d, d).
(iv) The next step is to expand M ′ as M ′ = 1 + M˜ ′. Finally, we can extract transformed ′G
αβ¯
and ′B
αβ¯
from M˜ ′.
However, for compactified string, the T-duality transformation is expected to operate for mas-
sive levels arising from compactifications which have their partners as spacetime tensors at the 
same excitation level of the string. Indeed, I introduced a technique to construct O(d, d) invariant 
vertex operators arising from toroidal compactification of the closed string [30].
Let us look at a generic vertex operator [31] which appears after a Dˆ-dimensional vertex 
operator has been compactified to D dimensions.
∂+pYαi ∂q+Yαj ∂r+Yαk ..∂−p
′
Yα
′
i ∂
q ′
− Y
α′j ∂−r
′
Yα
′
k ., p + q + r = p′ + q ′ + r ′ = n+ 1 (10)
where ∂± = ∂τ ± ∂σ . Thus (∂τ ± ∂σ )Y α = (P α ± Y ′ α). The indices α, β, . . . are raised and low-
ered by δαβ and δαβ . The constraint p+q+r = n +1, p′ +q ′ +r ′ = n +1 is required by the level 
matching condition. It is possible to express (10) as an O(d, d) tensor by introducing projection 
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ucts of O(d, d) vectors. The same argument applies to (∂−)m
′
Y as well. Once (10) is converted 
to products of O(d, d) vectors, it has to be contracted with corresponding O(d, d) polarization 
tensor. This prescription can be implemented for first couple of massive levels. However, even 
the formal expression for amplitudes involving such vertex operators is not easy to manipulate to 
study T-duality invariance properties of the S-matrix elements. Therefore, it is necessary to adopt 
a different strategy.
There is a proposal due to Sen [23], based on string field theory, according to which the space 
of solutions of backgrounds enjoys an O(d) ⊗O(d) symmetry. He noted that the diagonal sub-
group, O(d), of O(d) ⊗O(d) generates rotations. Furthermore, he identifies the set of matrices
	RS = 12
(
S +R R − S
R − S S +R
)
(11)
which implement O(d) ⊗ O(d) transformations. Here R and S are matrices that belong to 
O(d) ⊗ O(d) and 	RS is subgroup of O(d, d). In the linearized approximation to the back-
grounds
Gαβ = δαβ + hαβ, and Bαβ = bαβ (12)
the transformed linearized backgrounds are
(h′ + b′) = S(h+ b)RT (13)
This argument has been advanced further by Sen [29] and by Hassan and Sen [27,28] and the 
matrix defines in (11) operates on transformations of the M-matrix since 	RS ∈ O(d, d).
In order to evaluate scattering amplitudes involving moduli G and B , we employ the vertex 
operator (9). The tree level N -point amplitude is evaluated by utilizing the conformal field theory 
prescription. We have noted that two sets of Abelian gauge fields, A(1)αμ and A(2)μα , α = 1, 2, . . . , d
also appear in general toroidal compactification scheme. Note that gauge fields do not appear in 
compactification proposed by Hassan and Sen [27] since the backgrounds Gˆ and Bˆ are decom-
posed in the block diagonal form. These two sets of gauge fields combined together transform as 
O(d, d) vectors as already noted. Therefore, the transformation rules for these gauge bosons, un-
der Sen’s O(d) ⊗O(d) group, can be specified easily from the structure of 	RS matrix. We shall 
exploit this information when we return to discussion of the scattering of these gauge bosons in 
sequel. The N -point amplitude for the scattering of moduli is
A
(N)
G,B =
∫
d2z1d
2z2 . . . d
2zN<
N
i=1Vi(i, ki,Xi, Yi)>D (14)
Here D is introduced to gauge fix conformal symmetry and thereby the integral is carried over 
only N − 3 variables as is well known. Its choice will be specified later (see Eqs. (30) and (31)). 
The vertex operator Vi is
Vi(i, ki,Xi, Yi) = αi β¯i : exp[iki .X(z, z¯)]∂Yαi (z)∂¯Y β¯i (z¯) : (15)
with k2i = 0. Here αi β¯i stands for polarization tensor of Gαiβ¯i or Bαiβ¯i depending on the choice 
we make and then it will be symmetric or antisymmetric under αi ↔ β¯i . Note that the plane 
wave part, exp[iki .Xi], is inert under T-duality and we shall not bring in its presence in our 
considerations of duality symmetry transformations. While evaluating the above amplitude (14), 
we have to insert the Koba–Nielsen factor and the integration is to be carried out on N − 3
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However, we remind the reader about the two correlation functions which we shall use from time 
to time.
< ∂Yαi (zi)∂Y
αj (zj ) >= − δ
αiαj
(zi − zj )2 , (16)
and
< ∂¯Y β¯i (z¯i )∂¯Y
β¯j (z¯j ) >= − δ
β¯i β¯j
(z¯i − z¯j )2 (17)
We have used α′ = 2 for close string through out since all the amplitudes involve the vertex 
operators associated with the closed string states. Therefore, it does not appear in our compu-
tations. If we have to introduce it then the two correlation functions will be multiplied by a 
factor α′2 on the right hand sides of Eqs. (16) and (17). When the need will arise we shall re-
mind where the α′ be introduced. We draw in discussions about vertex operators of open string 
in the next section very briefly in the context of KLT formalism. We have suppressed the α′
factors in this context also. Thus the products of α1β¯1, α2β¯2 , . . . , αN β¯N get contracted with 
various combinations of δαiαj , δβ¯i β¯j , . . . which will come from pairwise contractions of holo-
morphic parts and antiholomorphic parts the vertex operators. The plane wave contractions are 
like <: exp[iki .Xi(zi , ¯zi)] : : exp[ikj .Xj (zj , ¯zj )] :>= |zi − zj |2ki .kj . If we adopt Sen’s prescrip-
tion of O(d) ⊗O(d) transformations then
(′G
αi β¯i
+ ′B
αi β¯i
) = [S(G + B)RT ]αi β¯j (18)
Let us consider the amplitude for scattering of gauge bosons (we confine to amplitude for A(1)αiμi
for the moment).
T
(N)
A =
∫
d2z1 . . . d
2zN<
N
i=1V
A
i (1, ki,Xi, Yi)>D (19)
where
V Ai (i, ki,Xi, Yi) = μi α¯i : exp[iki .X(zi, z¯i )]∂Xμi (zi)∂¯Y α¯i (z¯i ) : (20)
and is required to satisfy constraints: (i) k2i = 0 and (ii) μi α¯i kμi = 0. Thus contracted terms 
in the amplitude will be multiplied by products of μiα¯i which will be contracted by various 
combinations spacetime metric and internal metric.
We would like to draw attention to the fact that (G + B) → S(G + B)RT under O(d) ⊗
O(d) transformations and (1)μi α¯i → (S +R)
(1)
μi α¯i
. In the expression for the N -point amplitude for 
the scattering of moduli (14) we encounter a string of the products of G and B . Therefore, it 
is not yet so straight forward to demonstrate the T-duality invariance of the amplitude although 
Sen’s argument of implementing O(d) ⊗O(d) duality is more efficient compared to my earlier 
proposal. It turns out that the technique introduced by Kawai, Lewellen and Tye [22] is very 
useful to investigate the T-duality transformation properties of scattering amplitude in the frame 
work of Sen’s O(d) ⊗O(d) duality group.
3. KLT formalism and T-duality
Let us briefly recall salient features of the technique introduced by KLT [22] to calculate tree 
level closed string amplitudes. We shall appropriately modify their prescription for our purpose. 
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tree level scattering amplitudes. They showed that the N -point closed string amplitude can be 
factorized into products of two N -point open string amplitudes with certain pre-factors. This 
property holds for all excited levels of string theories as long as one confines to the vertex op-
erators associated with states lying on the leading Regge trajectory. It was observed that closed 
string coordinates are decomposed as sum of left and right moving sectors. The vertex operator 
corresponding to leading trajectory is product of equal number of holomorphic and antiholomor-
phic operators i.e. one set is Mi=1∂Xμi (zi) and the other one is Ni=1∂¯Xνi (z¯i ); further more at 
each level M = N in order to satisfy the level-matching condition. The factorization property of 
three point and four point amplitudes was explicitly demonstrated. In order to make this article 
self contained, we summarize essential steps prescribed by KLT. We shall not utilize the entire 
mechanism of KLT; however, as we shall demonstrate, their approach brings out certain sim-
plifications in actual computations. It is also quite relevant in the present context to investigate 
T -duality invariance of the S-matrix.
Let us consider below the open string vertex operators for a tachyon and a gauge boson re-
spectively.
V T (k,X) =: exp[ik.X] :, and V A = μ : exp[ik.X]∂Xμ : (21)
The tachyon and gauge boson are required to be on-shell; moreover, the gauge boson polariza-
tion vector is transverse i.e. k. = 0. The scattering amplitudes involving tachyons and gauge 
bosons are evaluated by adopting known techniques. Furthermore, we need to introduce vertex 
operators with each excited level of the string. As we shall see later, writing the polarization in 
the exponential economizes the computations. KLT exploited this technique to their advantage. 
An elegant technique to derive the scattering amplitudes for excited level through modification 
of the tachyon vertex operator is as follows. Consider the vertex operator
V open(, k,X) =: exp[ik.X + iμ∂Xμ] : (22)
More discussions on this can be found [1,2] in Chapters 7 and 6 of these two books. Now if 
we expand the exponential in powers of μ, the linear term in the polarization vector reproduces 
gauge boson vertex operator. Moreover, if we desire to compute scattering amplitude for N gauge 
bosons, T (N)A , then we compute the correlation function of products of V and isolate the coeffi-
cient of the product Ni=iμi . Furthermore, the vertex operator for generic excited level of open 
string is
V EX  μ1μ2...μm : exp[ik.X]∂Xμ1∂Xμ2 . . . ∂Xμm : (23)
The excited state momentum kμ has to be on-mass-shell and the polarization tensor, μ1μ2...μm , 
is required to satisfy some transversality, tracelessness conditions as a consequence of conformal 
invariance. The vertex operator for excited states are obtained as follows
V EX : exp[i(k.X + μ1∂Xμ1 + μ2∂Xμ2 . . .+ μm∂Xμm)] : (24)
Now by expanding the exponential and keeping the multilinear term
μ1∂X
μ1μ2∂X
μ2 . . . μm∂X
μm (25)
we recover the desired vertex operator (23).
The procedure outlined for open string is also generalized for the vertex operator of closed 
string states. We recall that the graviton vertex operator is
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with k2 = 0 and μν¯kμ = 0 = μν¯kν . The corresponding vertex operator for antisymmetric tensor 
assumes a similar form, only exception being that μν¯ is antisymmetric. The prescription for 
generating vertex operator the massless sector of closed string is to introduce
V closed =: exp[ik.X + iμ∂Xμ + i¯ν¯ ∂¯Xν¯] : (27)
If we collect the coefficient of the bilinear term μ¯ν¯ in the expansion of the exponential (27) we 
note that it corresponds to graviton and antisymmetric tensor vertex if we identify the symmetric 
product of μ¯ν¯ as the graviton polarization tensor and the antisymmetric product as that of the 
antisymmetric tensor field. It is obvious, the vertex operators for excited closed string states can 
be derived by suitably generalizing (27) as was achieved for the open string case. Moreover, 
the constraints arising from conformal invariance such as masslessness condition for the first 
excited states are fulfilled. The transversality conditions on polarization tensor μν¯ are translated 
to constraints on μ and ¯ν¯ . Furthermore, the polarization tensors associated with excited massive 
states of closed string [33,31,32] (for both compactified and noncompact strings) are constrained 
by requirements of conformal invariance. Those conditions can be incorporated by imposing 
appropriate constraints on the set of polarization vectors μi and ¯ν¯i .
Our goal is to suitably adopt the adopt the above mentioned approach to the vertex operators 
associated with states arising due to compactification of a closed string. In other words, excited 
states living in uncompactified Dˆ-dimensional theory, when compactified to lower dimension 
belongs to the representations of rotation group SO(D − 1) (for massless case it is SO(D − 2)) 
whereas these states came from the representations of SO(Dˆ − 1) (correspondingly (Dˆ − 2) for 
massless case). Note that the moduli G and B transform as scalars under D-dimensional Lorentz 
transformations and spatial rotations. Therefore, for an arbitrary excited states which had Lorentz 
indices in Dˆ-dimensions, will decompose into tensors, vectors and scalars in D-dimensions [31]. 
Consider compactification of Dˆ dimensional graviton; it decomposes into D-dimensional gravi-
ton, gauge bosons and moduli. We focus the attention on the massless sector consisting of the 
moduli Gαβ¯, Bαβ¯, A
(1)α
μ and A(2)μα . Let us consider the KLT type vertex for the moduli
VM =: exp[ik.X + iα∂Yα + i¯β¯ ∂¯Y β¯ ] : (28)
Remarks: (i) The scalars propagate in the spacetime manifold and therefore, the plane wave part 
is of the form exp[ik.X]. Thus throughout this paper, we repeat, due to the Y -independence 
of plane waves in (28) we do not take into account attributes of toroidal compactification such 
as presence of winding modes etc. (ii) All the states are on-shell. As stated earlier, the vertex 
operators of G and B are identified by taking symmetric and antisymmetric combination of 
the product α¯β¯ . (iii) Note that while evaluating correlation function, starting from VM we 
shall have products of equal number of αi ’s and ¯β¯i ’s due to the level matching condition. The 
products of αi will mutually contract themselves due the δαiαj arising from contractions of 
∂Yαi (zi) and ∂Yαj (zj ), i 	= j , similar contractions appear from the antiholomorphic part as 
well. The contraction, < ∂Yαi (zi)∂¯Y β¯n(z¯n) >= 0, consequently there are no contraction of the 
indices of type αi and ¯β¯j in evaluation of amplitudes. Lets us recall the Z2 duality, in the phase 
space approach: P ↔ Y ′ under interchange τ ↔ σ of worldsheet coordinates. We note that, with 
P± = (P ±Y ′), P± → ±P±. Moreover, O(d, d) vector Z can be decomposed as Z = (Z++Z−). 
Here
Z+ = 1
(
P+
P
)
, and Z− = 1
(
P−
−P
)
(29)
2 + 2 −
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intimately related with O(d, d) symmetry from the phase space perspective.
3.1. Scattering of moduli and gauge bosons for compactified stringy states
We have proposed the modified version of vertex operators for the compactified closed string. 
We shall employ this vertex operator to evaluate N -point amplitudes for moduli G and B as well 
as for the gauge bosons arising as a consequence of toroidal compactification.
The N -point amplitude extracted from VM will have products of ’s from the holomorphic 
sector and products of ¯’s from antiholomorphic sector. A careful examination of VKLT itself 
reveals an interesting fact. If we define αi to transform as vector under, say, O(d)R and ∂Yαi to 
be also the vectors of O(d)R then the second term in the exponential of (28) is O(d)R invariant. 
Moreover, if I invoke similar definition for the antiholomorphic sector i.e. declare {¯β¯i , ∂¯Y β¯i } to 
transform as two sets of vectors under O(d)L, then the third term in the exponential is O(d)L
invariant. Therefore, the polarizations αi and ¯β¯i transform separately under O(d)R and O(d)R
as ordained above.
Let us consider the N -point amplitude for the moduli Gαβ¯ and Bαβ¯ . We arrive at the following 
general expression and then we shall discuss how to extract the N -point amplitude alluding to 
remarks made earlier.
A
(N)
G,B =
∫
Ni=1d
2zi D i>j |zi − zj |2ki .kj expNi>j
i .j
(zi − zj )2 exp
N
i>j
¯i .¯j
(z¯i − z¯j )2 (30)
where D is
D = |za − zb|
2|zb − zc|2|zc − za |2
d2zad2zbd2zc
(31)
The variables {za, zb, zc} and {z¯a, ¯zb, ¯zc} can be chosen arbitrarily which basically gauge fixes the 
underlying SL(2, C) invariance. Therefore, there are only (N −3) integrations over d2zi . Note 
that i .j = αi δαiαj αj and similar definition applies for ¯i .¯j . Since we have two independent 
products αi and ¯β¯i and they contract only among themselves we can make the O(d)R
and O(d)L transformations on each of the products. Since these ‘polarization vectors’ contract 
amongst themselves, as noted earlier, evidently, the N -point amplitude is T-duality invariant in 
the sense described above.
The vertex operators of the gauge bosons, which arise from dimensional reduction of the 
metric and antisymmetric tensor fields, are given by
V A =: exp[ik.X + iμ∂Xμ + i¯(i)β¯ ∂¯Y β¯ ] :, i = 1,2 (32)
we keep in mind that in the expansion of the exponentials we retain the bilinear μ¯β¯ . The index 
of ¯(1)
β¯
, β¯ = 1, 2, . . . , d , and this polarization is identified with A(1)β¯μ . The other one ¯(2)β¯ , β¯ =
1, 2, . . . , d , is polarization of gauge field A(2)
μβ¯
. In other words the third term in the exponential of 
(32) ¯i ∂¯Y i = ¯(1)α¯ ∂¯Y α¯ + ¯(2)α¯ ∂¯Y α¯ . Now the index α¯ = 1, 2, . . . , d . Moreover, the plane wave part 
eik.X is invariant under T -duality and so is μ.∂Xμ. However, the photon polarization μi = μ¯i , 
μ = 0, 1, . . . , D − 1, and i = 1, 2, . . . , 2d , is factorized into products of spacetime polarization 
vector and the internal polarization vector. Moreover, the T-duality group linearly acts on internal 
polarizations, ¯α¯ .i
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T
(N)
A 
∫
d2z1d
2z2 . . . d
2zN D i>j |zi − zj |2ki .kj
· exp[i>j i .j
(zi − zj )2 −i 	=j
i .kj
(zi − zj ) ]exp[i 	=j
¯i .¯j
(z¯i − z¯j )2 ] (33)
Here D is the choice of the gauge fixing Koba–Nielsen measure. The first term in the first 
exponential comes from contractions of ∂Xμi (zi)∂Xμj (zj ) and the second term in the first expo-
nential is due to contraction of plane wave and ∂Xμi (zi). Notice that there is no such term in the 
second exponential since the plane wave part has no Yα dependence. We need to pick up products 
of terms like i .j and i .kj from holomorphic side and various pairwise contractions of ¯i .¯j
from the contractions of the antiholomorphic side. The objects like i.j and i.kj are inert under 
T-duality transformations. Therefore, T-duality will only rotate the polarization vectors {¯αi }.
In what follows, I shall present two illustrative examples to demonstrate the operations of 
T -duality.
Let us consider a simple case where three spatial dimensions are compactified, i.e. d = 3. First 
we consider the four point scattering amplitude of the moduli Gαβ¯ . The four vertex operators are 
given by
Vi = αi ¯β¯i : exp[ik.X(z, z¯)]∂Yαi (zi)∂¯Y β¯i (z¯i ) :, i = 1,2,3,4 (34)
Thus the four point amplitude assumes the form
A(4) 
∫
4i=1d2zi D i>j |zi − zj |2ki .kj exp[i>j
i .j
(zi − zj )2 ]exp[i>j
¯i .¯j
(z¯i − z¯j )2 ] (35)
We fix the three Koba–Nielesen variables as z1 = 0, z3 = 1, z4 → ∞ and correspondingly 
set z¯1, ¯z2, ¯z3 to those values. Thus we are left with an integral over z2 and z¯2. We expand the 
two exponentials in power series and pick up on the term which is a product α1α2α3α4 and 
¯β¯1 ¯β¯2 ¯β¯3 ¯β¯4 . We identify 1–2 as the incoming particles and 3–4 as outgoing ones. The three 
Mandelstam variables are
s = −(k1 + k2)2, t = −(k1 + k3)2, u = −(k1 + k4)2, and s + t + u = 0 (36)
The energy momentum conservation lead to the condition: (k1 + k2 + k3 + k4) = 0. It might be 
interesting to draw analogy with some familiar, well known problems in quantum mechanics. We 
might imagine the product α1α2 ¯β¯1 ¯β¯2 as the initial wave function and similarly α3α4 ¯β¯3 ¯β¯4
as the final state wave function so far as the products of these polarizations are concerned. These 
tensors are in the internal space, unlike the polarization vectors of photons which transform as 
vectors under Lorentz transformations. Moreover αi is an O(3)R vector and ¯β¯i is an O(3)L
vector. Therefore, the initial product tensor α1α2 can be decomposed into a sum of symmetric 
traceless second rank tensor and a scalar. The former is like a quadrupole operator in quantum 
mechanics when we carry out similar decomposition for operator xixj (in radiative transitions 
in atomic and nuclear physics). Thus we express
α1α2 = (α1α2 −
1
3
δα1α21.2)+
1
3
δα1α21.2 (37)
We can carry out similar decomposition for the product ¯β¯1 ¯β¯2 . We would like to define ‘wave 
functions’ for the initial state and for the final state. However, in order to adopt compact notations 
and to bring out the tensor structures under O(3)R and O(3)L rotations let us define
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1
3
δα1α21.2), and SIα1α2 =
1
3
δα1α21.2 (38)
Correspondingly, the tensors of right mover’s polarization are expressed as
Q¯I
β¯1β¯2
= (¯β¯1 ¯β¯2 −
1
3
δβ¯1β¯2 ¯1.¯2), and S¯
I
β¯1β¯2
= 1
3
δβ¯1β¯2 ¯1.¯2 (39)
For the final state wave functions we define
QFα3α4 = (α3α4 −
1
3
δα3α43.4), and SFα3α4 =
1
3
δα3α43.4 (40)
and
Q¯F
β¯3β¯4
= (¯β¯3 ¯β¯4 −
1
3
δβ¯3β¯4 ¯3.¯4), and S¯
F
β¯3β¯4
= 1
3
δβ¯3β¯4 ¯3.¯4 (41)
The four point scattering amplitude for the moduli takes the following form after we have fixed 
the three Koba–Nielsen variables and therefore, left with one integration
A(4)(s, u) =
∫
d2z2|z|2k1.k2 |1 − z2|2k2.k3(3a=1T aR)(3a=1T¯ bL) (42)
thus the product results in a total of nine terms (there are nine terms in the integral (42)). The 
terms T iR and T¯
i
L are
T 1R =
1
(z2)2
(
QIα1α2 + SIα1α2
)(
QFα3α4 + SFα3α4
)
δα1α2δα3α4 (43)
T 2R =
1
(z2)2
(
QIα1α2 + SIα1α2
)(
QFα3α4 + SFα3α4
)
δα1α3δα2α4 (44)
T 3R =
1
(1 − z2)2
(
QIα1α2 + SIα1α2
)(
QFα3α4 + SFα3α4
)
δα1α4δα2α3 (45)
Notice the following: (i) T 1R , T 2R and T 3R have factors of (z2)−2, 1, (1 − z2)−2 respectively multi-
plying them. (ii) Although we have the same products like [(QI + SI )α1α2 ][(QF + SF )α3α4 ] in 
the expressions for T 1R , T
2
R and T
3
R the Kronecker δ’s contracting them is different. Thus we have 
trace of the products of these tensors. Of course, it is natural since these products are expected to 
be eventually O(3)R invariants. Since QI and QF are traceless, T 1R = (TrSI )(TrSI ). The other 
two terms T 2R and T
3
R have the same structure, although the former has 1 as a coefficient and 
latter has (1 − z2)−2. This term, in the expressions for T 2R and T 3R , is
Tr
(
QIQF +QISF + SIQF + SISF
)
(46)
The expressions for T¯ iL are
T¯ 1L =
1
z¯22
(TrS¯I )(TrS¯F ) (47)
T¯ 2L = Tr
(
Q¯I Q¯F + Q¯I S¯F + S¯I Q¯F + S¯I S¯F
)
(48)
and
T¯ 3L =
1
2 Tr
(
Q¯I Q¯F + Q¯I S¯F + S¯I Q¯F + S¯I S¯F
)
(49)(1 − z¯2)
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terms. These integrals can be evaluated using the standard methods. We draw attention to the fact 
that 2k1.k2 = −s and 2k1.k3 = −u since we are considering scattering of massless particles. The 
integral∫
d2z2|z2|−s |1 − z2|−u = 2π (1 −
s
2 )(1 − u2 )(−1 − s2 − u2 )
( s2 )(
u
2 )(2 − s2 − u2 )
(50)
There are other terms like z−22 , (1 − z2)−2, . . . and so on, which multiply this integrand. Each 
of these integrations can be handled by using table integrals for gamma functions (see [22] for 
discussion on evaluating these type of integrals, especially the appendix). We mention in passing 
that the T-duality invariance of the four point amplitude is manifest in the procedure we proposed 
above.
Let us consider the four point function involving gauge bosons. We could compute four gauge 
boson amplitude; however, in order to bring out the general features, it will suffice to consider 
scattering of a gauge boson Aα¯iμ from a tachyon where i = 1, 2, 3, 4, 5, 6. The initial and final 
tachyon momenta are k1 and k3 and those of the two gauge bosons are k3 and k4. The amplitude 
is
T (4) =
∫
4i=1d2ziDi>j |zi − zj |2ki .kj
· exp[ 2.4
(z2 − z4)2 −i 	=j
i .kj
(zi − zj ) ]exp[
¯2.¯4
(z¯2 − z¯4)2 ] (51)
after we expand the exponentials and collect the relevant terms. These terms are of the form 
2.4 times ¯2.¯4 that will appear in four point amplitude since we have only two photons. D is 
the Koba–Nielsen factor and we choose it to be the same as before and therefore, the above 
expression (51) consists of an integral over z2 and z¯2. The terms like 1.2 and i .kj have passive 
transformations under T-duality. Therefore, we need pay attention to this piece. The term of 
interests to us is ¯2.¯4 and it is automatically T -duality invariant. However, we shall discuss how 
we can generate new scattering amplitudes from (51).
It is interesting to note that the four point function for gauge bosons (Abelian) can be evaluated 
efficiently in this formalism. We start from the general expression and the outline the prescription 
(amplitude is A(4)gauge)
A(4)gauge 
∫
4i=1d2zi D i>j |zi − zj |2ki .kj E1E2 (52)
where E1 and E2 stand for two exponentials defined below
E1 = exp[i>j i .j
(zi − zj )2 −i 	=j
i .kj
(zi − zj ) ] (53)
and
E2 = exp[i>j ¯i .¯j
(z¯i − z¯j )2 ] (54)
The four point function will have one integration left since we choose {z1, z3, z4} to be the Koba–
Nielsen variable and assign them the values as before (similarly we assign values to the other 
complex conjugates as before). We discuss the structure of the amplitude. We have polarizations 
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ternal directions. The latter will mutually contract among themselves. The set μi will not only 
contract among themselves but there will be products like (i.j )(m.kn) and so on. The essential 
points to note are there have to be products of four μi which are contracted amongst themselves 
or with kμj keeping in mind that μi .kμi = 0 (no sum over μi ). Such an amplitude has been 
computed before in several ways. We intend to present arguments which will bring out the es-
sential features of A(4)gauge in this regard. Let us look at E2 first. The we have to retain up to the 
quadratic term in the expansion of the exponential. The terms of our interests are of the form 
¯α¯i .¯α¯j ¯α¯m .¯α¯n where i, j, m, n, take values 1, 2, 3, 4 they have to be different in the products. 
If we go back to the 4-point amplitude for scattering of moduli and in the present case identify 
¯α¯1 α¯α¯2 as the initial ‘wave function’ and ¯α¯3 α¯α¯4 as the final wave function then the arguments 
of (46) to (49) go through. Thus the T-duality invariance of A(4)gauge is ensured. Let us discuss 
the terms coming from expansion of E1. Here we have to first retain up to quadratic term in 
the expansion and some interference terms coming from the cubic part and terms coming from 
quartic part. (I) We note the presence of the products of the type (i.j )(m.n), i 	= j, m 	= n
and i, j, m, n are all different. These originate from the quadratic terms in the expansion of the 
exponential. (II) The other type of terms are (i .j )(m.kl)(n.ks). Such types of terms originate 
from the cubic term in expansion of exponential-interference of two ¯.k with . (all  indices 
are to be different). Note that we should have all four polarization vector’s indices are different. 
(III) There exist another type of term which are like i.kj where four of them will occur. Such 
types of terms will come from the fourth power in the expansion of the first exponential. In order 
to make this argument transparent, let us look at one combination, (there are more such terms)
(
1.k2
(z1 − z2) +
2.k1
(z2 − z1) +
3.k4
(z3 − z4) +
4.k3
(z4 − z3)
)2
(55)
There is an interference term (suppressing the difference (zi − zj ) which will all appear as prod-
ucts in the denominator):
1.k22.k13.k44.k3 (56)
apart from a numerical factor. There will be several combinations of .k in such products.
There are a few points to be made:
(i) So far as T -duality transformation is concerned, these are manifestly invariant.
(ii) We should bring in the α′ dependence to see the other aspect. Notice that in E1 each term 
in multiplied by α′ since the first one comes from correlation of pair like ∂Xμi∂Xμj =
−α′2 δ
α1α2
(zi−zj )2 .
and the other one comes from contraction of ∂Xμi : ekj .Xj . This also has a factor of α′. Therefore, 
when we expand the exponential, we have different powers of α′. Of course this is expected on 
dimensional ground. Note that this is already seen in the three point vertex of graviton [2]. There 
are terms which are linear in momenta with suitable metric multiplied to it (in the sense when 
we look at contributions of the holomorphic parts).
All these amplitudes are calculated through applications of known conformal field theory 
techniques. However, the KLT prescription is more economical at the tree level.
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four point function will be generated from a given one. Let us consider the case of scattering of 
moduli (42). We choose
α =
(1
0
1
)
, and ¯β¯ =
( 1
0
−1
)
(57)
The corresponding moduli G and B are
Gαβ¯ =
(1 0 0
0 0 0
0 0 −1
)
, and Bαβ¯ =
( 0 0 −1
0 0 0
−1 0 0
)
(58)
Now consider a simple T -duality transformation where we rotate by O(3)R on the 2–3 plane and 
denote this operation by R. The other rotation is S, the O(3)L and S is also a rotation on 2–3 
plane. We identify S = RT . We choose
R =
(1 0 0
0 cos θ sin θ
0 − sin θ cos θ
)
, and S =
(1 0 0
0 cos θ − sin θ
0 sin θ cos θ
)
(59)
Let the rotation angle be θ = π4 for simplicity, so that cos θ = sin θ = 1√2 . According to our 
prescriptions the transformed vectors are
′α =
⎛
⎜⎝
1
1√
2
1√
2
⎞
⎟⎠ , and ¯ ′¯β =
⎛
⎜⎝
1
1√
2
− 1√
2
⎞
⎟⎠ (60)
and the two transformed backgrounds are
G′ =
⎛
⎜⎝
1 1√
2
0
1√
2
1
2 0
0 0 − 12
⎞
⎟⎠ , and B ′ =
⎛
⎜⎝
0 0 − 1√
2
0 0 − 12
1√
2
1
2 0
⎞
⎟⎠ (61)
Thus this simple example brings out the essential features of T -duality transformation in this 
approach. For a most general rotation, the O(3) group is parametrized by three Euler rotation 
matrices. We are free to choose them for O(3)R and O(3)L. Therefore, starting from very simple 
vectors α and ¯β¯ as in (57), we can generate very complicated form of these vectors. Moreover, 
if we have the four point amplitude for these configurations, we can connect the amplitude to the 
one which has more complicated configurations of polarization vectors.
Let us turn our attention to the gauge boson and tachyon scattering amplitude (51). Here 
we shall focus on one term ¯2.¯4. Recall that now ¯ is a six component vector; three of them 
coming from ¯(1)
β¯
, β¯ = 1, 2, 3 and the other three coming from ¯(2)
β¯
, β¯ = 1, 2, 3. Let us remind 
ourselves that A(1)β¯μ and A(2)μβ¯ transform as a doublet under O(3, 3): Aμ → 	Aμ According to 
Sen’s prescription(
A
(1)
μ
A
(2)
μ
)
→ 1
2
(
R + S R − S
R − S R + S
)(
A
(1)
μ
A
(2)
μ
)
(62)
Therefore, the two sets of polarizations i.e. ¯(1) and ¯(2), we are dealing with, will transform 
according to (62). Thus if we had a configuration where the photon originated from compactifi-
cation of Dˆ-dimensional graviton, then through the O(3) ⊗ O(3) transformation we will relate 
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ple illustrates the central point. If we have amplitude with four gauge bosons, we know how to 
extract the T -duality transformation part of it using the above steps. As an example, let us start 
with a configuration for gauge boson and tachyon scattering where we have only the gauge field 
A
(1)β¯
μ and we set A(2)μβ¯ = 0. Then under O(3)R ⊗ O(3)L rotations: A
′ (1)β¯
μ → (R + S)A(1)β¯μ and 
A
′ (2)
μβ¯
= (R−S)β¯α¯A(1)α¯μ . Thus we generate a scattering amplitude involving both the gauge fields. 
We can interpret this result as follows. If we start from gravi-photon (gauge boson originating 
from dimensional reduction of graviton in Dˆ-dimensions) and tachyon amplitude then through 
above duality rotation it gets related to state which is admixture of gravi-photon and axi-photon 
(gauge boson originating from reduction of Bˆ-field.
3.2. Scattering of nonabelian bosons in KLT formalism
In this subsection, we propose a generalization of the KLT approach to construct vertex op-
erators for nonabelian states in certain compactified schemes. The most familiar example is the 
heterotic string. The Yang–Mills super multiplet appears in the massless sector together with the 
N = 1 supergravity multiplet. There are excited massive states [4] belonging to the representa-
tions of the chosen gauge group. Therefore, it is of interests to construct vertex operators for such 
states which carry the nonabelian charges. We briefly recapitulate below how the vector boson 
vertex operator was constructed in the bosonic coordinate representation when compact coordi-
nates are along the torii and the canonical momenta are quantized with further restrictions [5]. 
Here we present another approach which is useful to compute tree level amplitudes. We recall 
that there are gauge bosons in the adjoint representation of SO(32) or E8 ⊗ E8 in heterotic 
string theory in super Yang–Mills sector. These nonabelian vector states appear if the lattice is 
self-dual and even. In order to fulfill this requirements, the number of compactified dimensions 
have to be multiples of 8. One of the most attractive features of heterotic string theory is that 
in, D = 10, these are the only possible gauge groups appear since 16 of the twenty six coor-
dinates of the bosonic sector are toroidally compactified. It is remarkable that these two gauge 
groups are precisely the admissible gauge groups for cancellation of anomalies discovered by 
Green and Schwarz [34]. The scattering of these nonabelian gauge bosons were studied in [5]. 
The vertex operators not only have the usual spacetime plane wave factor but also a certain term 
exp[2iPI .Y I ] where PI are the momenta are along compact direction, they are quantized and 
satisfy (P I )2 = 2. Note the appearance of 2P I in vertex operator: this is generator of translation 
in the internal space. The emission vertex for the charged gauge field needs another factor – the 
operator cocycle Cˆ(KI ) and its action on a state of momentum P I gives the two cocycle (P, K)
Cˆ(K)|P I >= (P,K)|P I > (63)
Moreover, Cˆ(K)Cˆ(L) = (K, L)Cˆ(K + L) and the two cocycle condition is (K, L)(K +
L, M) = (L, M)(K, L +M). It is possible to choose the cocycles such that (i) (K, L +M) =
(K, L)(K, M). (ii) They satisfy (K, L)(L, K) = (−1)K.L, (K, 0) = −(K, −K) = 1, for 
K2 = L2 = (K + L)2 = 2, it coincides with structure constants of the group. The three point 
and four point Yang–Mills amplitude have been evaluated long since [5]. The structure constants 
of the Yang–Mills group is identified to be fK1K2K3 = (K2, K3)δ(K1−K2−K3). Indeed, Kawai, 
Lewellen and Tye [22] adopted this form of vertex operator and used the properties mentioned 
above to evaluate the gauge boson scattering amplitudes in their reformulation.
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and right moving sectors are independent and these coordinates can be compactified separately. 
Let us toroidally compactify 16 coordinates of left moving sector and compactify same number 
of coordinates in right moving sector as well. The ground state of the theory is tachyonic. The 16
compact coordinates in left and right moving sector can be fermionized to give 32 Weyl Majorana 
fermions in each sector. If we chose NS–NS boundary conditions for all left and right moving 
fermions then the gauge group is SO(32) ⊗ SO(32). The massless spectrum is quite interesting. 
This compactified string has massless graviton, antisymmetric tensor field and dilaton. In addi-
tion there are two copies of gauge bosons in the adjoint of the two SO(32) groups coming from 
left and right movers. Moreover, the theory has massless scalars transforming as (496, 496).
Let us consider the vertex operators for the gauge bosons in the compactified closed bosonic 
string
V (L) =: ALμij (X)∂¯Xμ(z¯)ψi(z)ψj (z) : (64)
and the other vertex operator is
V (R) =: ARμij (X)∂Xμ(z)ψ˜i(z¯)ψ˜j (z¯) : (65)
Notice that each of the gauge bosons are in the adjoint of their SO(32). In the plane wave ap-
proximation we express the two vertex operators as gauge
ALμij = aμ(T a)ij : exp[ik.X]∂¯Xμ(z¯)ψi(z)ψj (z) :, (66)
and
ARμij = ¯aμ(T˜ a)ij : exp[ik.X]∂Xμ(z)ψ˜i(z¯)ψ˜j (z¯) : (67)
The two generators T a and T˜ a in the vector representation of the groups. The correlation func-
tions for gauge boson amplitudes are evaluated through these vertex operators. Let us generalize 
the KLT vertex operator to the case of nonabelian gauge boson emission.
Vgauge =: exp[ik.X + i¯μ∂¯Xμ(z¯)+ iμ∂Xμ + iaT aijψi(z)ψj (z)+ i¯aT˜ aij ψ˜ i(z¯)ψ˜j (z¯)] :
(68)
Notice the following features:
(i) When we expand the exponential in powers of the ‘polarizations’ we shall recover the 
vertex operators in the massless sector.
(ii) The bilinear term μ¯ν will give the vertex operators from graviton and antisymmetric 
tensor as mentioned earlier.
(iii) The two bilinears ¯ν ¯aT˜ a and μaT a will give the two vertex operators for gauge bosons 
once we identify ¯aμ(T˜ a)ij and aμ(T a)ij with the first and second term respectively.
This generalization of KLT vertex will make calculation of scattering amplitudes quite ef-
ficient. As an example consider the three point function for gauge bosons AR. The general 
structure of the three point function is
μ1aμ2bμ3cT
μ1μ2μ3abc (69)
Note that T μ1μ2μ3abc factorizes into a product f abc , the structure constant and a tensor with 
spacetime indices (see equation below). Since the three Koba–Nielsen variables are fixed, there 
is no integration to be done. This three point function was already derived in [5]. If we adopt the 
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to observe that polarization vector aμ factorizes as aμ = μ¯a for this case (i.e. gauge boson 
AR). The second point is that the we have to expand the exponentials and collect the products of 
the type: μ1μ2μ3 ¯a ¯b¯c . Next we compute the correlation functions of right movers and left 
movers. Thus the product terms are
f abc
(
gμ1μ2k
μ3
12 + gμ2μ3kμ123 + gμ3μ1kμ231
)
(70)
where gμiμj is the flat spacetime metric and kμij = (ki − kj )μ. The form of (70) can be cast 
in a differently using energy momentum conservation condition (k1 + k2 + k3) = 0 and that 
μi .k
μi = 0 (no sum over i). The structure constant comes from contractions of the fermions ap-
pearing in expansion of exponential. The spacetime tensor structure, as is well known comes from 
various contractions involving spacetime string coordinates. We have used < ψ˜i(z¯i )ψ˜j (z¯j ) >
δij
(z¯i−z¯j ) . We believe this prescription can be used to evaluate higher point amplitudes.
3.3. Correspondence between graviton and gauge boson amplitudes
In this short subsection, I present a brief account of the developments subsequent to the work 
of KLT. We recall, KLT demonstrated that the tree level closed string amplitudes are expressed 
as a factorized product of open string amplitudes. They provided illustrative applications of their 
technique for bosonic string, superstring and the heterotic string. However, in the intervening 
period, considerable developments have taken place in the general paradigm of what we term 
as gauge-gravity correspondence in the present context. I shall dwell upon a few aspects of this 
topic keeping in mind the principal goal of my work and how my efforts can be channelized in 
this direction. The research has evolved in several directions and the author is not fully equipped 
to deal with these topics. Besides the relationship between tree level closed string amplitudes 
and open string amplitudes, there have been important developments which have revealed inti-
mate connections between super Yang–Mills scattering amplitudes and supergravity amplitudes. 
It conveys an intuitive picture that graviton amplitude is squared of Yang–Mills amplitude. On 
the other hand, from the perspectives of string theory, the α′ → 0 limit recovers the low energy 
field theory limit. Moreover, the super Yang–Mills theories are encodes in type I superstring the-
ory whereas supergravity theories are ingrained in the closed superstring theories. However, the 
heterotic string, by its construction, contains supergravity as well as super Yang–Mills multiplets 
in its massless spectrum. A recent review [35] provides a comprehensive account of some of the 
recent interesting developments. There is a third aspect of gauge-gravity correspondence in the 
light of the present discussion. In recent years a hidden mathematical structure has been unrav-
eled in the study of scattering amplitudes both from the point of view of field theory and string 
theory. The investigation of the algebraic structure of amplitudes have attracted a lot of attention. 
There are evidences that alternative prescriptions of constructing amplitudes by employing tech-
niques of arithmetic algebraic geometry, within the framework of string perturbation theory, will 
be a powerful tool. One of the interesting developments is due to Stieberger [36] where he has 
established new connection between scattering amplitudes involving massless sectors of type I 
and type II superstrings. In view of these developments in the study of the novel characteristics of 
gauge and gravity theories (in the perturbative framework) it is believed that there exists a deeper 
mathematical structure which reveals the intertwining relationships amongst various amplitudes. 
A more detailed investigation has been carried out by Stieberger and Taylor [37]. We shall briefly 
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ing T-duality transformation properties of S-matrix of massless stringy states for compactified 
bosonic string.
Let us recall well known features in computation of tree level amplitudes in string theory: 
(i) In the evaluation of the open string amplitude, we are led to compute the normal ordered 
products of vertex operators on the disk [2]. (ii) On the other hand the N -point amplitude for 
closed string states is the correlation function of corresponding vertex operators evaluated on S2. 
Note that the Yang–Mills coupling constant coming from type I theory is, gIYM ∼ e

2 ,  being 
the dilaton. The N -gluon amplitude was computed in [37] from open type I string theory by 
utilizing the procedure of [38]. The evaluation of Yang–Mills amplitude, carried out from the 
heterotic string point of view, is to be done with the following points in mind. (a) In the compu-
tation of the N -point nonabelian gauge boson amplitude, one necessarily works in the heterotic 
string vacuum. (b) As alluded to earlier, on this occasion the correlators of vertex operators are 
computed on S2. (c) Furthermore, the nonabelian gauge bosons appear from the compactifica-
tion of 16 closed string (chiral) bosonic coordinates. (d) Importantly, the coupling constant is 
gHETYM ∼ e. At the end of the computation, the authors of reference [37] demonstrate
AHET = svAI (71)
where sv stands for single-valued projection (see [36] for the definition and subsequent detailed 
discussions). One of the interesting results of [37] is that their derivation relates the tree-level 
graviton amplitude in superstring theory to heterotic string gauge boson amplitude. They derive 
type II and heterotic scalar amplitudes and relate them to type I scalar amplitude. Thus it is 
important to note that suitably identified amplitudes in each of the cases get connected with 
those for heterotic string, type I and type II superstrings. We shall now discuss and envisage the 
interesting aspect of this result in the context of our approach.
It is of interest to discuss these amplitudes from our perspective in the light of the scattering 
of states in compactified type II and type I strings. The type II superstring, compactified on 
T 6 (the six dimensional torus) yields N = 8 supergravity multiplet. It has a subset of states 
ij , i, j = 1, 2, . . . , 6, which denote the geometric moduli fields. The internal d = 6 space is 
endowed with the metric gij . We quote the four point amplitude [37] for the scalars belonging to 
N = 8 type II theory.
AII(i1,j11 ,i2,j22 ,i3,j33 ,i4,j44 ) =
u
st
(
tδ1 + sδ2 + st
u
δ3
)
×
(
t δ¯1 + sδ¯2 + st
u
δ¯3
)
(s)(t)(u)
(−s)(−t)(−u) , (72)
where
δ1 = gi1i2gi3i4, δ2 = gi1i3gi2i4, δ3 = gi1i4gi2i3, (73)
and
δ¯1 = gj1j2gj3j4 , δ¯2 = gj1j3gj2j4, δ¯3 = gj1j4gj2j3, (74)
The Mandelstam variables s, t, u have the same definition as before. Note that the four dimen-
sional N = 4 type I theory has moduli j, j = 1, 2, . . . ,6, the scalar coming from compactifi-
cation of type I string to four dimensions. Thus one is interested in the 4-point subamplitudes of 
scalar fields j, j = 1, 2, . . . ,6. The corresponding amplitude [37] is
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(
t δ¯1 + sδ¯2 + st
u
δ¯3
)
(s)(1 + u)
(1 + s + u) (75)
This is defined with respect to the color orderings of the fields (1, 2, 3, 4) and δ¯l , l = 1, 2, 3 are 
already defined. The “gauge/gravity” amplitude is established by [37] is
AII(i1,j11 ,i2,j22 ,i3,j33 ,i4,j44 ) = −
u
t
(
tδ1 + sδ2 + st
u
)
× svAI (j11 ,j22 ,j33 ,j44 ) (76)
The correspondence has also been derived [37] for heterotic and type I amplitudes for the scalars 
which belong to their corresponding sector.
Now it brings me to the discussions in the context my proposal regarding T-duality studies of 
scattering amplitudes. I remind the reader that my attention is focused on scattering of moduli 
arising from compactification of closed bosonic string.
It is a pertinent question to ask whether my formulation can be extended in a straight forward 
manner for the scattering of moduli in compactification of type II and type I strings as envis-
aged by [37]. In fact there are important issues to be resolved first. (i) In the NSR formulation, 
the covariant vertex operators are constructed through the superconformal field theory formula-
tion of Friedan, Martinec and Shenker [39]. These are essential ingredients for constructing the 
amplitudes. (ii) The T-duality transformation properties of the scattering amplitudes, for dimen-
sionally reduced superstrings, are to be derived. I shall now illustrate the technical difficulties in 
employing my proposal to the study of amplitudes for compactified superstrings in the context of 
T-duality transformations. I recall that the primaries, such as ∂Yα and ∂¯Y β¯ , appearing in vertex 
operators (in my formulation) transform2 as vectors under O(d) whereas the moduli defining the 
M-matrix parametrize the coset O(d,d)
O(d)⊗O(d) . Thus the basic building blocks, appearing in the defi-
nition of vertex operators including excited states, obey certain simple transformation rules [20]. 
The vertex operator for massless bosonic states such as graviton, dilaton and antisymmetric ten-
sor in NSR formulation of superstrings is (we follow the convention of [39] throughout)
V (k, ) =
∫
d2zd2θμν(k)DW
μD¯Wνeik.X (77)
The polarization tensor satisfies transversality condition kμμν = kνμν = 0 and k2 = 0. The 
conformal weights are h = h¯ = 12k2 + 12 = 12 . The worldsheet superfield is defined as
Wμ = X(z, z¯)+ θ¯μ(z, z¯)+ ¯μ(z, z¯)θ + θ¯ θFμ(z, z¯) (78)
with Xμ being bosonic coordinates, μ being their superpartner and Fμ are the auxiliary field, 
μ = 0, 1, 2, . . . ,9. The supercovariant derivatives are
D = ∂θ + θ∂z, D¯ = ∂¯θ¯ + θ¯ ∂¯z¯ (79)
Note that the above expression for the vertex operator can also be expressed as
Vphys =
∫
d2zd2θVh=1/2(z, θ)Vh=−1/2(z¯, θ¯ ) (80)
2 See [20] for the detailed prescriptions to construct O(d, d) invariant vertex operators in closed bosonic string case.
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is
V−1/2 = uα(k)e− φ(z)2 Sα(z)eik.X (81)
The corresponding constraints are /ku = 0 and k2 = 0. Sα(z) is the spin field and φ(z) is the field 
that appears when we bosonize the ghost system i.e. γ = eφη, β = e−φ∂ξ , c = eσ and b = e−σ
as per conventions of [39]. Here α, β are indices associated with spin fields (apologies for using 
same indices as adopted for compact bosonic coordinates elsewhere). Note that the vertex (81)
is BRST invariant carrying spinor ghost charge − 12 . We also need another vertex operator. Note (81) can be used for computation of 4-point amplitude so that its ghost charge will cancel with 
ghost background charge Q = 2. For processes like 2B → 2F and for host of other processes 
another vertex operator with ghost charge + 12 is required
V1/2 = uα(k)
[
e
φ
2
(
∂Xμ + 1
4
k.μ
)
γμαβS
β + 1
2
e
3φ
2 ηbSα
]
eik.X (82)
The OPE
μ(z)Sα(w) ∼ (z −w)− 12 γ μαβSβ(w)+ . . . (83)
defines γ μ appearing in (82). We need these two fermion vertex operators defined through (81)
and (82) and utilize them judiciously while considering scattering processes to take into account 
the ghost numbers.
Now I am in a position to elaborate the obstacle I face in generalizing my approach to study 
of compactified heterotic string and superstring scattering amplitudes in order to relate S-matrix 
elements for different processes. Moreover, as such it is not easy to establish gauge-gravity cor-
respondence and examine consequences of T-duality transformation. In my approach, the vertex 
operator is the fundamental object which encodes T-duality transformation properties when I 
construct scattering amplitude. Let us discuss the case of heterotic string. When compactify het-
erotic string on T d to lower dimension then, in the context of T-duality, the nonabelian gauge 
group is no longer accounted for. The T-duality symmetry is manifestly maintained for the 
Abelian Cartan subgroup. This is true when we dimensionally reduce the heterotic string ef-
fective action [9] and this aspect also has been discussed in [21] more recently. It is also true, 
at the level of vertex operator, when dimensional reduction is viewed from the worldsheet per-
spective.3 Thus it is, at the moment, does not very promising to study T-duality transformation 
properties of the amplitudes of graviton and nonabelian gauge bosons in the context of heterotic 
string theory. Note that the most important aspect of the gauge/gravity correspondence is to re-
late scattering amplitude of nonabelian gauge bosons (suitably projected) to graviton amplitude 
as has been so nicely demonstrated by [37].
Now I turn the discussions to the issues related with superstrings. In this context I remind the 
reader that one of my crucial ingredients is to be able to express the vertex operator in such a 
way (for case of bosonic string) that the tranformations are quite simple (and manageable) when 
I have bosonic coordinates only. Indeed, while exploring T-duality properties of the tree level 
amplitudes, I need not restrict to states lying on leading Regge trajectory where KLT formula-
tion is very efficiently utilized. On the other hand, my formulation to construct vertex operators 
of (compactified string [31,20]) the states lying on nonleading Regge trajectories can be cast in 
3 See Section 5 of [9].
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sionally reduce all superstring vertex operators with known T-duality transformation properties. 
Moreover, we should be able to introduce a prescription for dimensional reduction of all excited 
level vertex operators of type I and type II string which are constructed in critical dimension. 
Indeed such vertex operators have been constructed by Koh, Troost and van Proyen [40] for su-
perstrings in the covariant formalism. There is partial success, however; the vertex operators in 
NS–NS sector can be handled to some extent [20] although it is not so straight forward as in the 
case of bosonic string. When we envisage the fermion emission vertex involving spin fields it is 
quite difficult to tackle. I feel a new and different approach is necessary.
We can analyze this issue from a different perspective to gain certain insights. Consider the 
effective action of a closed bosonic string dimensionally reduced on T d . We know that the mod-
uli parametrize the coset O(d,d)
O(d)⊗O(d) . If we consider superstring effective action dimensionally 
reduced on T d , then the moduli arising from the reduction of the backgrounds of NS–NS sectors 
still parametrize the coset O(d,d)
O(d)⊗O(d) . However, the backgrounds which come from RR sector 
when dimensionally reduced are not so easy to handle. In fact, we can see this aspect rather qual-
itatively from the structure of the vertex operators in the two sectors. The issues raised here are 
under investigations. Some of these works will be presented separately in future works.
4. Summary and conclusions
We set out to investigate T -duality transformation properties of scattering amplitudes. It is 
accepted that T -duality is a symmetry of compactified string theory and the S-matrix is ex-
pected to be invariant. We need to construct vertex operators in order to evaluate the amplitudes. 
This is achieved in the weak field approximation. For closed bosonic string, compactified on 
a d-dimensional torii the spectrum contains the moduli, gauge bosons, graviton, antisymmetric 
tensor and dilaton, in its massless sector. The moduli can be cast in a form that transforms as 
an adjoint under the O(d, d) transformation. However, it is not very convenient to implement 
O(d, d) transformations when the weak field expansion is made around the trivial background. 
We have followed Sen’s [23] argument and identified O(d) ⊗ O(d) ∈ O(d, d) as the duality 
group for our purpose. This choice of this duality group is very appropriate to study transforma-
tion properties of the vertex operators. Furthermore, we employed a suitably modified version 
the KLT [22] formalism to construct vertex operators for the moduli. This formulation has the 
advantage that the polarization tensors of the moduli factorize when we construct the vertex op-
erators. Thus the O(d) ⊗ O(d) transformation properties of the amplitudes become simple and 
transparent. In particular, the N -point amplitude for moduli G and B can be expressed in a com-
pact form. The Abelian gauge bosons, resulting from the toroidal compactification, transform 
linearly under O(d, d) group. In the first place, the polarization vector of these gauge bosons 
are shown to factorize by adopting the KLT formulation. The N -point amplitude for moduli and 
gauge bosons is demonstrated to be duality invariant. The present investigation substantiated the 
arguments of [21] through explicit calculations that the S-matrix is indeed T-duality invariant.
We presented two illustrative examples. We considered a case where three string coordinates 
are compactified on three torus, T 3. First we considered the four point function of the moduli. 
The O(3)R ⊗ O(3)L invariance of this amplitude can be explicitly verified by adopting argu-
ments used in quantum mechanics. The initial state, as far as the products of polarizations are 
concerned, are decomposed into sum of irreducible representations of O(3)L and similarly as 
sum of irreducible representations of O(3)R . Thus the initial function (in the space of polariza-
tions) is a director product of tensors. The same procedure can be followed for the final state 
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tractions of string coordinates in the vertex operators. Therefore, the four point amplitude is 
expressed in a manifestly duality invariant form. This argument can be extended to computation 
of four point functions where d-coordinates are compact. Thus the initial states consisting of left 
movers will be decomposed to sum of irreducible representations of O(d)L and similarly, the 
initial wave function consisting of right movers will be expressed as sum of irreducible repre-
sentations of O(d)R . The same procedure will be applicable to the final state wave functions as 
well. Therefore, all the four point amplitudes, in the massless sector can be demonstrated to be 
duality invariant.
We propose vertex operators, based on KLT formulation, for scattering of nonabelian stringy 
states. This prescription is economical for the computation of S-matrix elements. We explicitly 
evaluate three gauge boson vertex which agrees with known results. This technique might be 
useful for computation of excited stringy states which carry ‘color’ gauge charges.
In summary, we have demonstrated that the amplitudes constructed for the massless states of 
compactified closed bosonic string can be expressed in manifestly T -duality invariant form. This 
is facilitated efficiently through the introduction of the vertex operators of the massless states. 
These vertex operators are modified versions of those introduced by KLT. Moreover, we proposed 
vertex operators to evaluate amplitudes for scattering of nonabelian gauge bosons. We noted 
earlier that such nonabelian gauge boson appear as massless states of D = 10 heterotic string as 
well as in compactification of closed bosonic string as long as the internal moments fulfill the 
criterion mentioned already. Moreover, there will be nonabelian excited states. The scattering of 
these states from gauge bosons can be evaluated by using the vertex operator introduced here and 
the generalization there of.
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